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Abstract A family of high algebraic order ten-step methods is obtained in this paper.
The new developed methods have vanished phase-lag (the first one) and phase-lag and
its first derivative (the second one). We apply the new developed methods to the reso-
nance problem of the radial Schrédinger equation. The efficiency of the new proposed
methods is shown via error analysis and numerical applications.
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methods - Interval of periodicity - P-stability - Phase-lag - Phase-fitted - Derivatives
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1 Introduction

The radial Schrodinger equation can be written as:

Y/ = [1A + 1)/x* + V(x) — Ply(x). (1
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Itis known that many problems in theoretical physics and chemistry, material sciences,
quantum mechanics and quantum chemistry, electronics etc. can be express via the
above boundary value problem (see for example [1-4]).

We give the definitions of some terms of (1):

— The function W(x) = I(l + 1)/x% + V(x) is called the effective potential. This
satisfies W(x) — 0as x — o0

— The quantity & is a real number denoting the energy

— The quantity / is a given integer representing the angular momentum

— V is a given function which denotes the potential.

The boundary conditions are:

y(0)=0 @

and a second boundary condition, for large values of x, determined by physical con-
siderations.

The last years an extended research on the development of numerical methods
for the solution of the Schrodinger equation has been done. The aim of this study
is the development of fast and reliable methods for the solution of the Schrodinger
equation and related problems (see for example [5-87]. We mention the following
bibliography:

— Phase-fitted methods and numerical methods with minimal phase-lag of Runge-
Kutta and Runge-Kutta Nystrom type have been developed in [10-27].

— In[28-33]exponentially and trigonometrically fitted Runge-Kutta and Runge-Kutta
Nystrom methods are obtained.

— Multistep phase-fitted methods and multistep methods with minimal phase-lag are
developed in [38-61].

— Symplectic integrators are studied in [62—82].

— Exponentially and trigonometrically multistep methods have been developed in
[83-110].

— Nonlinear methods have been studied in [111] and [112]

— Review papers have been written in [113-117]

— Special issues and Symposia in International Conferences have been created on
this subject (see [118—124])

Generally the numerical methods for the approximate solution of the Schrodinger
equation and related problems can be divided into two main categories:

1. Methods with constant coefficients
2. Methods with coefficients depending on the frequency of the problem .

The purpose of this paper is to use a new methodology for the development of numer-
ical methods for the approximate solution periodic initial-value problems. The new

! When using a functional fitting algorithm for the solution of the radial Schrodinger equation, the fitted
frequency is equal to: VId + 1/x2 +V(x) —k2|.
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methodology is based on the requirement of vanishing the phase-lag and its derivatives.
Based on this new methodology we will develop two methods:

— The first one will have vanishing phase-lag (phase-fitted)
— The second one will have vanishing phase-lag and its first derivative

We will apply the new obtained methods in the numerical solution of the radial
Schrodinger equation. The efficiency of the new methodology will be studied via the
error analysis and the application to the specific potential.

More specifically, we will develop a family of implicit symmetric ten-step methods
of twelfth algebraic order. The development of the new family of methods is based on
the requirement of vanishing the phase-lag and its first derivative (see above). We will
study the stability and the error of the methods of the two proposed new methods of
the family. Finally, we will apply both of methods to the resonance problem. This is
one of the most difficult problems arising from the radial Schrodinger equation. The
paper is organized as follows.

— In Sect. 2 we present the theory of the new methodology.

— In Sect. 3 we present the development of the new family of methods.

— The error analysis is presented in Sect. 4.

— In Sect. 5 we will study the stability properties of the new obtained methods.
— In Sect. 6 the numerical results are presented.

— Finally, in Sect. 7 remarks and conclusions are discussed.

2 Phase-lag analysis of symmetric multistep methods

For the numerical solution of the initial value problem

p’=f(x, p) 3)
consider a multistep method with m steps which can be used over the equally spaced
intervals {r;}i_, € [a, bl and h = |rj1 —ri|,i = 0(1)m — 1.

If the method is symmetric then a; = a,,—; and b; = b,,,—;, i = 0(1) L%J.
When a symmetric 2k-step method, that is for i = —k(1)k, is applied to the scalar
test equation

p'=—-o’p )
a difference equation of the form

Ar(V) ppk +- -+ ALV pag1 + Ao(V) pr +
+AI (V) ppr+ -+ AV ppk =0 %)

is obtained, where v = wh, h is the step length and Ag(v), A1(v), ..., Ax(v) are
polynomials of v.
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The characteristic equation associated with (5) is given by:
AWM+ A WMA+ AWV +A WA+ + A =0  (6)

Theorem 1 [37] The symmetric 2k-step method with characteristic equation given
by (6) has phase-lag order r and phase-lag constant ¢ given by

2 Ag(v) cos(k v)+-+2 A;j(v) cos(j v)+---+Ap(V) )

Ly t2 r+4y
VT O0T) = T e R A2 A )

The formula proposed from the above theorem gives us a direct method to calculate
the phase-lag of any symmetric 2k- step method.

3 The new family of ten-step methods: construction of the new methods
We introduce the following family of methods to integrate p” = f(x, p):
5 5
> ai (puyi + pu—i) +ao pn = > [Z bi (Pysi + Pa—i) + bopf{} ®)
i=1 i=1
where a5 = 1.
3.1 First method of the family: a method with vanished phase-lag (phase-fitted)

Requiring the above method (8) to have the maximum algebraic order with one free
parameter, the following relations are obtained:

ap=0, a1 =0, ap=-1, a3=2, as4=-2
2742857 5 831701 10 146717 5
1= Tzceann — 7 DO, D= ————— 1+ — bo, 3= SnZann Ao PO
1555200 6 1360800 21 806400 28

3557441 5 187585 1

= 2082200 T 1267 757 2612736 252 0 ©

4

The application of the above method to the scalar test equation (4) gives the fol-
lowing difference equation:

5
D" AiV) (Puti + Pui) + Ao(¥) pp =0 (10)

i=1
where v = wh, h is the step length and A;(v), i = 0(1)5 are polynomials of v.
The characteristic equation associated with (10) is given by:
5
> AW (M +27) + o) =0 (1)

i=1
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where

Ao(v) = vZ by

- 200

1555200 6

5 2742857 5
Al(v) =v b

Aa(v) =—l+v2(
A3(v) =24V

Ag(V) = =2 +v

831701 , 10
1360800 ' 21 °

146717 5

806400 28 °

, (3557441 5
S Ly
4082400 ' 126

As(v) =14 v? 187585 1, (12)
»E 2612736 252 °
By applying k = 5 in the formula (7), we have that the phase-lag is equal to:
hi = L0 (13)
phl = &
187585 1
To=2(1+v? - —
0 ( TV (2612736 252 bo)) cos (5v)
3557441 5
224V (=—1-°+—b 4
+ ( v (4082400+ 126 0)) cos (4V)
+2 (2 +V? 146717— > b cos (3v)
806400 28
831701 10
2 =1+ v (e + — 2
+ ( v (1360800+21 bo))cos( v)
2742857 5
PRTal [ia— 2p
Y (1555200 6 0) cos (v) +v-bo
187585 1 3557441 5
Ty =14+50v2 [~ — ) +32v2 (2
L=y (2612736 252 °)+ v (4082400+ 126 0)
146717 5 831701 10
18 v2 - —b 8V ———+ —b
ey (806400 28 °)+ ¥ (1360800+21 0)
) (2742857 5
1555200 6
Demanding the phase-lag to be equal to zero we find out that:
=D (14)
= 259200 T3
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T> = 4689625 (cos (v))> v2 + 65318400 (cos (v))°
—65318400 (cos (v))* + 28459528 (cos (v))* v2
—48988800 (cos (v))> — 2891012 (cos (v))* v?
—23469322 (cos (v))? v + 57153600 (cos (v))?
—4082400 cos (v) + 6437243 v2 cos (v)
—4082400 + 1062338 v2

T3 = v? ((cos (v))5 + 10 (cos (V))3 + 5 cos (v)

—5 (cos (V)* = 10 (cos (v))? — 1)

For small values of |v| the formulae given by (14) are subject to heavy cancellations.
In this case the following Taylor series expansions should be used:

18117277 547336457

5702400 1482624000
13099127, 1122215903
8895744000 . 2016368640000

=

411284674673 4 1674319402961 1
14481559572480000 1911565863567360000
SAIT21S1741 o A06647992425891
4187239510671360000 872925240533778432000000
1769796744884513 6
" 34567839525137625907200000
650688266276051 8
v (15)

© 227316858555326791680000000

The behavior of the coefficients is given in the following Fig. 1.
The local truncation error of the new proposed method is given by:

547336457 h14
LTE:——( (14) 4 2 <12>) 16
373621248000 \Jn T (16)

3.2 Second method of the family: a method with vanished phase-lag and its first
derivative

Now we require the method (8) to have the maximum algebraic order with two free
parameters. So, the following relations are hold:
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e

behavior of the coefficient loglb_[)

behavior of the coefficient log(h_2)

behavior of the coefficient loglh_4)

b

behavior of the coefficient log(b_1)

behavior of the coefficient log(b_3)

behavior of the coefficient loglh_5)

.l

Fig. 1 Behavior of the coefficients of the new proposed method given by (9), (14) and (15) for several
values of v
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apy=0, a1 =0, ap=—-1, az3=2, a4=-2
140387 10 6, _ 14423 27 10,
273040 7 0T 7O T 4480 T1a T 70
200959 16 25 50137 5 2
= — b= by, bs=— Iy 17
=900 20 TP BT T3gsg0 Tt are AP

The application of the above method to the scalar test equation (4) gives the differ-
ence equation (10). The characteristic equation associated with (10) is given by (11)
with:

Ao(v) = vZ by
A1(v) = Vb (18)
140387 10 16
) = —1+v ( 30240 7 07 7b1)
14423 27 10
A3(V)=2+V2(—m+ﬁb1+7bo)
200959 16 25
Ay = 24 ( 90720 2117 Ebo)
As) = 1432 (227 L 5, 4 2, (19)
V) = vil— — —
> 362880 42 ' T 217°
By applying k = 5 in the formula (7), we have that the phase-lag is equal to:
o= 2 (20)
phi = -
T. 2 (14 v? 50137+5b+2b cos (5v)
= A% — R — v
4 362880 ' 42 ' T 210
200959 16 25
2 (—24v? ——b—=—0b 4
* ( Ty (90720 TRy °)>°°S( v)
o (a2 (13,27, 10, Gv)
A\ —_—— — —_— COS v
4480 14 T
140387 10 16
+2 (—1+v2 ( 30330 7190—7191)) cos (2v) +2v2b; cos (v) + vzbo)

50137 5 2
Ts = (14 +50v* [ - — b4+ —b
: ( + V( 362830 "2 T an 0)

200959 16 25
+32v2( by —bo)

90720 21 = 42
14423 27 10
18V (———=+ = b+ —b
+ V( w80 Tt 0)
140387 10 16
8 v? ——by——0b 2v%b
eV (30240 77077 1)+ Y ')
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The phase-lag’s first derivative is given by:

. Ty TR
phl—6 =22

e

0137 b + 2 5v)
—_— A\
T362880 a2 Ty 0)eos

7
50137 5 .
( ( 360880 T2 ' T on ho)) sin (5v)

200959 16 25
— —b; — —bg)cos(dv)
90720 21 42

200959 16 25
8 (-2++2 —— b — b in (4
( v (90720 AT 0))51“( v)
14423 27, ob Gv)
vV ——— _— —_— COS v
4430 T 12 0

14423 27 10
—6(2+V? b+ —b in (3
( TV ( 480 Tt °))Sm( v)

140387 10 16
——— — —bop— — b1 )cos(2v)
30240 7 7

(g2 (40387 10, 16, N\ o
—4-1+v ——by— — sin (2v
30240 7 0 7!

4 vby cos (v) — 2v2by sin (V) + 2 vbo)

50137 5
T =(14+50v* (- —b b
7 ( + V( 362880+421+21 0)

2 1 2
13042 00959 16 16, —Sbo
90720 21 42

14423 27
+18V2(——+ by + 7170)

4480
g2 (140387 10,16, o
30240 7 0 7! :
50137 5
Ty = =
8 ( ( ( 362880+42b]+ bo))COS(SV)
200959 16,
— 1— cos (4v)
90720 21
14423 +_27 +_ 0, Gv)
T 2480 b 0) )OSty
, 140387 16
+2(—-1+4+v

——by——b 2
30240 7 0T 7 )COS( v
+2v2b) cos ) + vzbo)

2n
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T = (100 SOIS7 5, L2,
= Vi— —_ J—
? 362880 @ 42 ' T 2170

200959 16 25
~|—64V( ——bl——bo)

90720 21 42
14423 27 10

36v(—— L
* V( w80 Tt O)

140387 10 16
16v (2l gy — D) 4+ 4vb
+ V(30240 77077 1)+ Vl)

Demanding the phase-lag and its first derivative to be equal to zero we find out that:

bo =

1 T

- ¥ 22
8640 T (22)

Tio = 2419200 sin (v) (cos (v))® + 804932 (cos (v))® v3

I, =

b =

T, =

@ Springer

42661120 (cos (v))® v 4 2626322 (cos (v))° v°
—483840 sin (v) (cos (v))° + 2056320 (cos (v))> v
—3749760 sin (v) (cos (v))* — 3840480 (cos (v))* v
+2054125 (cos (v))* v — 548926 (cos (v))? v?
+665280 sin (v) (cos (v))> — 2963520 (cos (v))> v
+1542240 sin (v) (cos (v))> — 1092584 (cos (v))* v°
41406160 v (cos (v))2 — 172276 V> cos )

—272160 cos (v) sin (v) 4+ 907200 v cos (v)
—120960 sin (v) — 226800 v + 138647 v°

v ((cos (V))6 — 4 (cos (v))5 + 5 (cos (V))4

—5 (cos (v))2 + 4 cos (v) — 1)

1 T
17280 711
3870720 sin (v) (cos (v))® 4 1307946 (cos (v))® v?
44112640 (cos (v))6 v + 3870720 (cos (v))’ v
—483840 sin (v) (cos (v))> + 4121896 (cos (v))> v3
+3737637 (cos (v))* v3 — 6108480 (cos (v))* v
—6289920 sin (v) (cos (v))* — 755314 (cos (v))> v3
—5503680 (cos (v))> v + 846720 sin (v) (cos (v))>
+2721600 sin (v) (cos (v))> — 2085490 (cos (v))* v?
42404080 v (cos (v))2 4 1632960 v cos (v) — 453600 cos (V) sin (v)
—191382 v3 cos (v) + 215107 v3 — 408240 v — 211680 sin (v)

(23)
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For small values of |v| the formulae given by (22) and (23) are subject to heavy

cancellations. In this case the following Taylor series expansions should be used:

18117277 547336457 ,

5702400 741312000 Y
813427897 4 38730780289 ¢

10674892800 © 2722097664000 ©

0 =

40679514679 4 21098128575869
— vV — v
065437304832000  14336743976755200000

4417854528839 5 20370634563077921 14
586213531493990400000 4801088822935781376000000
L 3962504447675167 6

A\

9427592597764807065600000

41489033510961083 s

1130602270183072727040000000
10081177 = 547336457 ,

T 11404800 889574400 ©
6413674837 , 970257427

T 106748928000 . 837568512000
173246993783 4 195178446493 |,

T S1T1138672640000 ' 163848502591488000
16628247827407 i 917683407372509 14

© 10551843566891827200000 Yo 338900387501349273600000 Y
52756649703962833 16

~ 207407037150825755443200000 Y
176419967461850779 13

©8592577253391352725504000000 Y

1 =

(24)

The behavior of the coefficients is given in the following Fig. 2.
The local truncation error of the new proposed method is given by:

547336457 h14

__ (14) 4 5,2 ,12) o 4 (10)) 25
Teatzagonn (40 + 207 3P+t o] )

4 Error analysis

We will study the following methods:

The new proposed method of the family developed in Sect. 3.1 (mentioned as PF)
The new proposed method of the family developed in Sect. 3.2 (mentioned as
PFDF)

The classical method of the family2 (mentioned as CL)

2 Classical is called the method of the family with constant coefficients.
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behavior of the coefficient loglb_(0

\/

vl

oy

behavior of the coefficient log(b_2)

=

]

behavior of the coefficient log(b_4)

&

Wik

mief)

behavior of the coefficient log(b_1)

behavior of the coefficient loglh_3)

= » o

behavior of the coefficient log(b_5)

] ® a

Fig. 2 Behavior of the coefficients of the new proposed method given by (17), (22), (23) and (24) for

several values of v
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The error analysis is based on the following steps:

— The radial time independent Schrédinger equation is of the form

q"(x) = f(x)qx) (26)

— Based on the paper of Ixaru and Rizea [116], the function f(x) can be written in
the form:

Jfx)=gx)+G 27)

where g(x) = V(x) - V. = g, where V. is the constant approximation of the
potential and G = v? = Vc

—  We express the derivatives y , i =2,3,4, ..., which are terms of the local trun-
cation error formulae, in terms of the Eq. (26). The expressions are presented as
polynomials of G.

— Finally, we substitute the expressions of the derivatives, produced in the previous
step, into the local truncation error formulae.

Based on the procedure mentioned above and on the formulae:

P = (V(x) = Ve + G) q(x)

gV = ( @ V(x)) q(x) +2 (i V(x)) (i q(x))
n dx? dx dx
d2
+(V(x) = Ve + G) (ﬁ q(x))
© = d—4V<x> (x) +4 d—3V(x> e
dn dx* 1 dx3 dx 1
d? d? d 2
+3 (W V<x)) (W q(x)) +4 (a V(x)) q(x)
+6 (V(x) — V. + G) (i q(x)) (i V(x))
dx
dZ
+4 (Ux) —V.+G) g(x) ( V(x))
dZ
+ (V) = Ve + GY? (W q(x)) .

we obtain the expressions mentioned in Appendix.
We consider two cases in terms of the value of E:

— The Energy is close to the potential, i.e. G = V., — E =~ 0. So only the free terms
of the polynomials in G are considered. Thus for these values of G, the methods
are of comparable accuracy. This is because the free terms of the polynomials in

@ Springer
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G, are the same for the cases of the classical method and of the new developed
methods.

— G >» 0or G « 0. Then | G | is a large number. So, we have the following
asymptotic expansions of the Egs. (28) and (30).

4.1 The classical case of the family?

547336457

LTEc, = h' (——
373621248000

q (x) G7+~--) (28)
4.2 The new proposed method of the family developed in Sect. 3.1 (mentioned as PF)

547336457

LTEpp = K4 (——————
373621248000

g () g (x) G6+~--) (29)

4.3 The new proposed method of the family developed in Sect. 3.2 (mentioned as
PFDF)

LTE 14 547336457 ( d? o) a0
= ———— [ —g x
PFDF 17791488000 \ ax28 )4

MTIST o
373621248000 © ) 4V

547336457 [ d d S
_m@m&MMJCEguﬂﬁ?“”)G +“} G0

From the above equations we have the following theorem:

Theorem 2 For the Classical Method of the New Family of Methods the error
increases as the seventh power of G. For the First Proposed Method of the New Family
of Methods (with vanished phase-lag (phase-fitted)—developed in Sect. 3.1) the error
increases as the sixth power of G. Finally, for the Second Proposed Method of the
New Family of Methods (with vanished phase-lag and its first derivative—developed
in Sect. 3.2) the error increases as the fifth power of G. So, for the numerical solution
of the time independent radial Schrodinger equation the Second Proposed Method of
the New Family of Methods (with vanished phase-lag and its first derivative) is the
most accurate one, especially for large values of | G |=| V., — E |.

3 Classical method of the family is the method of the family with constant coefficients which has the same
algebraic order.
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5 Stability analysis
We apply the new family of methods to the scalar test equation:

¢ =—1’¢, (31)
where t # . We obtain the following difference equation:

Ap($) Guyk + -+ A1) Gt + Ao(s) Py
+AI(S) Pp—1 + -+ Ap($) Pk =0 (32)

where s =t h, h is the step length and Ag(s), A1(s), ..., Ar(s) are polynomials of s.
The characteristic equation associated with (32) is given by:

A0+ A0+ Ags) + A1)+ + A(s)0F =0 (33)

Definition 1 (see [34]) A symmetric 2k-step method with the characteristic equation
given by (33) is said to have an interval of periodicity (0, s3) if, for all s € (0, 53),
the roots z;, i = 1, 2 satisfy

212 =M <1, i =3,4 (34)

where ¢ (¢ h) is a real function of t h and s = ¢ h.

Definition 2 (see [34]) A method is called P-stable if its interval of periodicity is
equal to (0, 00).

Definition 3 A method is called singularly almost P-stable if its interval of periodic-
ity is equal to (0, c0) — S* only when the frequency of the fitting is the same as the
frequency of the scalar test equation, i.e. v =s.

For the new proposed family of methods the difference equation (32) and the asso-
ciated characteristic equation (33) are obtained for k = 5 with:

- A;j(v), i = 0(1)5 given by (12) with by obtained by (14) and (15) for the New
Proposed Method of the Family Developed in Sect. 3.1 (mentioned as PF)

— A;(v), i =0(1)5 given by (19) with by, b; obtained by (22), (23) and (24) for the
New Produced Method of the Family Developed in Sect. 3.2 (mentioned as PFDF)

In Figs. 3 and 4 we present the s — v plane for the new methods produced in this
paper. A shadowed area denotes the s — v region where the method is stable, while a
white area denotes the region where the method is unstable.

In the case that the frequency of the scalar test equation is equal with the frequency
of fitting, i.e. in the case that v = s (see the surroundings of the first diagonal of the
s — v plane), we have that the interval of periodicity of the new obtained methods is
equal to:

4 Where S is a set of distinct points.
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Stability Region for the New Method with vanished phase-lag

T T T

v (method)

o - L L 1 1 —L 1 1 L
0 1 2 3 4 5 -] 7 B 9

s (test problem)

Fig. 3 s — v plane of the new proposed method of the Family Developed in Sect. 3.1 (mentioned as PF)

Stability Region for the New Method with vanished phase-lag and its first derivative

v {method)

4 5 -] 7 a g

s (test problem)

Fig.4 s — v plane of the new proposed method of the Family Developed in Sect. 3.2 (mentioned as PFDF)

— (0, 0.8) for the Classical Method of the Family (mentioned as CL)

— (0, 1.2) for the New Proposed Method of the Family Developed in Sect. 3.1 (men-
tioned as PF)

— (0, 1.5) for the New Produced Method of the Family Developed in Sect. 3.2 (men-
tioned as PFDF)

Remark 1 For the solution of the Schrédinger equation the frequency of the exponen-
tial fitting is equal to the frequency of the scalar test equation. So, it is necessary to
observe the surroundings of the first diagonal of the s — v plane.

From the above analysis we have the following theorem:

Theorem 3 The method (8) with the coefficient by obtained by (14) and (15) is of
twelfth algebraic order, has the phase-lag equal to zero (phase-fitted) and has an
interval of periodicity equals to: (0, 1.2). The method (8) with the coefficient by, b1
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The Woods-Saxon Potential
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Fig. 5 The Woods-Saxon potential

obtained by (22), (23) and (24) is of twelfth algebraic order, has the phase-lag and its
first derivative equal to zero and has an interval of periodicity equals to: (0, 1.5).

6 Numerical results

In this section we present the numerical of the application of the new developed meth-
ods to the resonance problem of the radial time independent Schrodinger equation.

Since our new methods are dependent from the parameter v, it is a requirement the
determination of this parameter in order to be possible the application of the methods
to the radial Schrédinger equation. For any problem of the radial Schrédinger equation
given by (1) the parameter v is given by

v=1lgx)| =IV(x) — E| (35)

where V (x) is the potential and E is the energy.

6.1 Woods-Saxon potential

For our numerical tests we use the well known Woods-Saxon potential given by

ug upz

VO = T T

(36)

with z = exp [(x — X¢) /a], up = —50, a = 0.6, and Xo = 7.0.
The behavior of Woods-Saxon potential is shown in the Fig. 5.
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It is well known that for some potentials, such as the Woods-Saxon potential, the
definition of parameter v is not given as a function of x but it is based on some critical
points which have been defined from the investigation of the appropriate potential (see
for details [86]).

For the purpose of obtaining our numerical results it is appropriate to choose v as
follows (see for details [86]):

v=50+E, for x € [0, 6.5 — 2h],
v=3715+E, forx=65—-h

v=1Vv—-25+F, for x = 6.5 37
v=1254+E, forx=65+nh
VE, for x € [6.5 + 2h, 15]

6.2 Radial Schrodinger equation: the resonance problem

Consider the numerical solution of the radial time independent Schrodinger equation (1)
in the well-known case of the Woods-Saxon potential (36). In order to solve this prob-
lem numerically we need to approximate the true (infinite) interval of integration by
a finite interval. For the purpose of our numerical illustration we take the domain of
integration as x € [0, 15]. We consider Eq. (1) in a rather large domain of energies,
ie. E €[1,1000].

In the case of positive energies, E = k?, the potential dies away faster than the

term l(lx%l) and the Schrodinger equation effectively reduces to

I1+1
y”<x)+(k2— (; ))y(x>=0 (38)

for x greater than some value X.

The above equation has linearly independent solutions kxjj(kx) and kxn;(kx)
where j; (kx) and n;(kx) are the spherical Bessel and Neumann functions respectively.
Thus the solution of Eq. (1) (when x — 00 ) has the asymptotic form

y(x) >~ Akxjj(kx) — Bkxn;(kx)

l l
~ AC |:sin (kx - 77[) + tan §; cos (kx - g):| (39)

where §; is the phase shift, that is calculated from the formula

_ y(x2)S(x1) — y(x1)S(x2)
y(x1)C(x1) — y(x2)C(x2)

tan §; (40)

for x1 and x; distinct points in the asymptotic region (we choose x; as the right hand
end point of the interval of integration and xp = x; — h) with S(x) = kxj;(kx) and
C(x) = —kxn;(kx). Since the problem is treated as an initial-value problem, we need
Y0, Vi, I = 1(1)9 before starting a ten-step method. From the initial condition we
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obtain yp. The other values can be obtained using the Runge—Kutta—Nystrém meth-
ods of Dormand et. al. (see [8]). With these starting values we evaluate at x| of the
asymptotic region the phase shift §;.

For positive energies we have the so-called resonance problem. This problem con-
sists either of finding the phase-shift §; or finding those E, for E € [1, 1000], at which
8; = Z. We actually solve the latter problem, known as the resonance problem when
the positive eigenenergies lie under the potential barrier.

The boundary conditions for this problem are:

v(0) =0, y(x) = cos («/Ex) for large x. 41

We compute the approximate positive eigenenergies of the Woods-Saxon resonance
problem using:

— The Numerov’s method which is indicated as Method I

— The Exponentially-fitted two-step method developed by Raptis and Allison [84]
which is indicated as Method II

— The Exponentially-fitted two-step P-stable method developed by Kalogitatou and
Simos [87] which is indicated as Method III

— The Exponentially-fitted four-step method developed by Raptis [85] which is indi-
cated as Method IV

— The eight-step ninth algebraic order method developed by Quinlan and Tremaine
[35] which is indicated as Method V

— The ten-step eleventh algebraic order method developed by Quinlan and Tremaine
[35] which is indicated as Method VI

— The twelve-step thirteenth algebraic order method developed by Quinlan and Tre-
maine [35] which is indicated as Method VII

— The classical ten-step method of the family of methods mentioned in paragraph 3
which is indicated as Method VIII

— The new developed ten-step method with phase-lag equal to zero (phase-fitted)
obtained in paragraph 3.1 which is indicated as Method IX.

— The new developed ten-step method with phase-lag and its first derivative equal to
zero obtained in paragraph 3.2 which is indicated as Method X.

The computed eigenenergies are compared with exact ones. In Fig. 6 we present
the maximum absolute error log;, (Err) where

Err = | Ecalculated — Eaccuratel (42)

of the eigenenergy E> = 341.495874, for several values of NFE = Number of Function
Evaluations. In Fig. 7 we present the maximum absolute error log;, (Err) where

Err = |Ecalculated — Eaccuratel (43)

of the eigenenergy E3 = 989.701916, for several values of NFE = Number of Function
Evaluations.
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Err for the Resonance 341.495874
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Fig. 6 Accuracy (Digits) for several values of N FE for the eigenvalue E» = 341.495874. The non-
existence of a value of Accuracy (Digits) indicates that for this value of NFE, Accuracy (Digits) is less
than O

Err for the Resonance 989.701916
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Fig. 7 Accuracy (Digits) for several values of N FE for the eigenvalue E3 = 989.701916. The non-
existence of a value of Accuracy (Digits) indicates that for this value of NFE, Accuracy (Digits) is less
than 0

7 Conclusions

In the present paper we have developed an eight-step method of tenth algebraic order
with phase-lag and its first derivative equal to zero.

We have applied the new method to the resonance problem of the one-dimensional
Schrodinger equation.

Based on the results presented above we have the following conclusions:
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— The Exponentially-fitted two-step method developed by Raptis and Allison [84]
(denoted as Method II) is more efficient than the Numerov’s Method (denoted
Method I) and for low number of function evaluations is more efficient than
the Exponentially-fitted two-step P-stable method developed by Kalogitatou and
Simos [87] (denoted as Method III).

— The Exponentially-fitted two-step P-stable method developed by Kalogitatou and
Simos [87] (denoted as Method III) is more efficient than the Exponentially-fitted
two-step method developed by Raptis and Allison [84] (denoted as Method II) for
high number of function evaluations.

— The Exponentially-fitted four-step method developed by Raptis [85] (denoted as
Method IV) is more efficient than the Numerov’ Method (denoted Method 1),
the Exponentially-fitted two-step method developed by Raptis and Allison [84]
(denoted as Method II) and the Exponentially-fitted two-step P-stable method
developed by Kalogitatou and Simos [87] (denoted as Method III)

— The eight-step ninth algebraic order method developed by Quinlan and Tremaine
[35] (denoted as Method V) is more efficient than the Numerov’ Method
(denoted Method I), the Exponentially-fitted two-step method developed by
Raptis and Allison [84] (denoted as Method II) and the Exponentially-fitted two-
step P-stable method developed by Kalogitatou and Simos [87] (denoted as Method
IIT) and less efficient than the Exponentially-fitted four-step method developed by
Raptis [85] (denoted as Method IV)

— The ten-step eleventh algebraic order method developed by Quinlan and
Tremaine [35] (denoted as Method V1) is more efficient than the Numerov’ Method
(denoted Method I), the Exponentially-fitted two-step method developed by
Raptis and Allison [84] (denoted as Method II) and the Exponentially-fitted two-
step P-stable method developed by Kalogitatou and Simos [87] (denoted as Method
IIT) and the Exponentially-fitted four-step method developed by Raptis [85]
(denoted as Method IV) for small number of function evaluations

— The twelve-step thirteenth algebraic order method developed by Quinlan and
Tremaine [35] (denoted as Method VII) is more efficient than the Numerov’ Method
(denoted Method 1), the Exponentially-fitted two-step method developed by Raptis
and Allison [84] (denoted as Method II) and the Exponentially-fitted two-step
P-stable method developed by Kalogitatou and Simos [87] (denoted as Method
III), the Exponentially-fitted four-step method developed by Raptis [85] (denoted
as Method IV) for small number of function evaluations, the eight-step ninth alge-
braic order method developed by Quinlan and Tremaine [35] (denoted as Method
V) for small number of function evaluations and the ten-step eleventh algebraic
order method developed by Quinlan and Tremaine [35] (denoted as Method VI)
for small number of function evaluations

— The classical ten-step method of the family of methods mentioned in paragraph 3
(denoted as Method VIII) is more efficient than the Numerov’ Method
(denoted Method 1), the Exponentially-fitted two-step method developed by Raptis
and Allison [84] (denoted as Method II) and the Exponentially-fitted two-step
P-stable method developed by Kalogitatou and Simos [87] (denoted as Method III).
The method is also more efficient than the Exponentially-fitted four-step method
developed by Raptis [85] (denoted as Method IV) for small number of function
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evaluations, the eight-step ninth algebraic order method developed by Quinlan and
Tremaine [35] (denoted as Method V) for small number of function evaluations, the
ten-step eleventh algebraic order method developed by Quinlan and Tremaine [35]
(denoted as Method VI) for small number of function evaluations and the twelve-
step thirteenth algebraic order method developed by Quinlan and Tremaine [35]
(denoted as Method VII) for small number of function evaluations

The ten-step phase-fitted method of the family of methods developed in para-
graph 3.1 (denoted as Method IX) is more efficient than the Numerov’ Method
(denoted Method 1), the Exponentially-fitted two-step method developed by Raptis
and Allison [84] (denoted as Method II) and the Exponentially-fitted two-step
P-stable method developed by Kalogitatou and Simos [87] (denoted as Method
III), the Exponentially-fitted four-step method developed by Raptis [85] (denoted
as Method IV), the eight-step ninth algebraic order method developed by Quinlan
and Tremaine [35] (denoted as Method V), the ten-step eleventh algebraic order
method developed by Quinlan and Tremaine [35] (denoted as Method VI), the
twelve-step thirteenth algebraic order method developed by Quinlan and Tremaine
[35] (denoted as Method VII) and the classical ten-step method of the family of
methods mentioned in paragraph 3 (denoted as Method VIII)

Finally, the ten-step method of the family of methods with vanished phase-lag and
its first derivative developed in paragraph 3.2 (denoted as Method X) is much more
efficient than all the other methods.

All computations were carried out on a IBM PC-AT compatible 80486 using double

precision arithmetic with 16 significant digits accuracy (IEEE standard).
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The classical case of the family
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